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Abstract
The emergence of cosmic space as cosmic time progresses is an exciting idea advanced by Padman-
abhan to explain the accelerated expansion of the universe. The generalization of Padmanabhan’s
conjecture to the non-flat universe has resulted in scepticism about the choice of volume such that
the law of emergence can not be appropriately formulated if one uses proper invariant volume. The
deep connection between the first law of thermodynamics and the law of emergence [1], motivate us
to explore the status of the first law in a non-flat universe when one uses proper invariant volume.
We have shown that the first law of thermodynamics, dE = TdS + WdV cannot be formulated
properly for a non-flat universe using proper invariant volume. We have also investigated the status
of the first law of the form −dE = TdS in a non-flat universe. We have shown that the energy
change dE within the horizon and the outward energy flux are not equivalent to each other in
a non-flat universe when we use the proper invariant volume. We have further shown that the
consistency between the above two forms of the first law claimed in Ref. [2] will hold only with
the use of the areal volume of the horizon. Thus, a consistent formulation of the above two forms
of the first law of thermodynamics demands the use of areal volume.
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I. INTRODUCTION
The connections between gravity and thermodynamics have emerged as an important area
of research since the development of black-hole thermodynamics [3–5]. These captivating
results are not mere coincidences but have lead to more profound insights into the quantum
nature of gravity. Jacobson was the first to discover the direct connections between gravity
and thermodynamics. He derived Einstein’s field equations from the Clausius relation,
δQ = TdS at the horizon together with the equivalence principle, where δQ and T are
the energy flux and Unruh temperature perceived by an accelerated observer within the
horizon, respectively [6]. Further investigations on the thermodynamic perspective of the
gravitational field equations have brought more light into the connections between gravity
and thermodynamics [7–11]. These close resemblances between gravity and thermodynamics
strongly point to a microscopic structure for gravity, and abundant pieces of evidence for
gravity to be an emergent phenomenon [12–17]. On this background, Verlinde treated
gravity as an entropic force and successfully derived Newton’s gravitation law [18]. Similarly,
Padmanabhan also derived the law of gravitation using equipartition law of energy and the
thermodynamic relation S = E
2T
, where S is the thermodynamic entropy, T the temperature
of the horizon and E is the gravitational mass [19, 20].
In these earlier treatments, the space-time is assumed to be pre-existing, and the field
equations arose as consistency conditions obeyed by the background space-time. The ques-
tion now to address is how reasonable it is to assume the space-time itself is an emergent
structure. Padmanabhan tackled the conceptual complexities raised by this question by con-
sidering a geodesic observer in cosmology. To this observer, the expansion of the universe
would be equivalent to the emergence of cosmic space as cosmic time progresses. Coupling
this idea with a specific version of the holographic principle, he further postulated that the
expansion of our universe is driven towards the holographic equilibrium[21]. Following this
idea, the further perspectives of emergent paradigm were explored on [22–27] and for recent
investigations on this novel idea refer [28–31]. Based on the holographic equipartition, Pad-
manabhan proposed an expansion law for flat (3+1) dimensional universe by showing it leads
to the Friedmann equations [21]. Cai extended the expansion law in the Einstein gravity
to Gauss-Bonnet and the more general Lovelock gravity models by appropriately modifying
the surface degrees of freedom and the effective volume of the horizon. [32]. With a minor
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correction to the expansion law, Sheykhi was successful in producing the Friedmann equa-
tions of a universe with any curvature [33]. Even though the modified expansion law due to
Sheykhi was successful in deriving the Friedmann equations, the use of areal volume even
for the non-flat universe was criticized. Because it leads to the conclusion that the time
evolution of the flat universe generates non-flat Friedmann equations [34]. Moreover, it is
reasonable to assert that the geometrical quantities are metric dependent, and hence, the
proper invariant volume should be favoured instead of the areal volume. Motivated by these
objections, Eune and Kim employed the proper invariant volume to formulate the expansion
law in a non-flat universe. They reproduced the Friedmann equations with invariant volume
but had to redefine the Planck length as a function of cosmic time. Moreover,the redefined
Planck length, (l2p)
eff is divergent for radiation and matter-dominated era for k = −1, while
it approaches (l2p)
eff
k=1 = 2l
2
P for k = 1 and these results are not compatible with the standard
observations [34].
Recently, the authors of [1] have derived the expansion law proposed in [33] from the
unified first law of thermodynamics (dE = TdS + WdV ) in (n+1) dimensional Einstein,
Gauss-Bonnet and more general Lovelock gravity. Similarly, the authors of [35] have also
derived the expansion law in [33] from a specific version of the first law of thermodynamics
(−dE = TdS) in (3+1) Einstein gravity. In these works, the areal volume was considered as
the appropriate volume to derive the expansion law. Thus the results presented in [1] and
[35] furnish the substantial shreds of evidence to consider the first law of thermodynamics
as the backbone of expansion law. In this context, the previously noted challenges faced by
the expansion law proposed with invariant volume motivate us to suspect the feasibility of
formulating the first law of thermodynamics using the invariant volume. In this paper, we
address the uncertainty posed by the choice of volume to describe the expansion law from a
thermodynamic point of view using the first law of thermodynamics.
This paper is structured as follows. In section II after brief reviews of the expansion laws
introduced in [33] and [34] we bring out the difficulties in formulating the expansion law
using invariant volume without altering Planck length. In section III, we discuss the status
of the unified first law of thermodynamics if one uses invariant volume. In section IV, we
employ the first law of thermodynamics of the form dE = −TdS to derive the expansion
law presented in [33] and analyze how the choice of volume will affect the formulation of the
first law. In the last section, we summarise the results and present our conclusions. We use
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the natural units c = ℏ = kb = 1 for simplicity.
II. FEASIBILITY OF EXPANSION LAW IN A NON-FLAT UNIVERSE
We assume the universe to be homogeneous and isotropic, described by the line element[2]
ds2 = habdx
adxb + r2AdΩ2, (1)
where rA = ra(t) and x
0 = t, x1 = r, dΩ2 denotes the line element of the 2-dimensional
unit sphere and the two dimensional metric hab = diag(1,
a2
1−kr2
). Here, the spatial curvature
constant k=0 for a flat universe and k = ±1 corresponds to a closed and open universe
respectively. In FRW cosmology, there exists a marginally trapped surface with vanishing
expansion identified by the relation hab∂
ar∂br = 0 and named as the apparent horizon [36].
The thermodynamic aspects of the apparent horizon are well scrutinised and established,
leading to consider it as a suitable thermodynamic boundary of our universe [37–41]. A
straightforward calculation yields the radius of the dynamic apparent horizon as [42]
r2A =
1
H2 + k
a2
, (2)
where H = a˙/a is the Hubble parameter. We follow the assumptions in [33] and [34] to define
the number of degrees of freedom associated with the apparent horizon in (3+1) Einstein
gravity as
Nsur =
4πr2A
l2p
, and Nbulk = −4πrA(ρ+ 3p)V, (3)
where Nsur is the number of degrees of freedom on the horizon, Nbulk is the number of de-
grees of freedom in bulk and V is the volume of space inside the apparent horizon. The novel
idea advanced by Padmanabhan is that the expansion of the universe which can be consid-
ered as equivalent to the emergence of space is driven towards holographic equipartition.
Mathematically this concept can be realised for the flat universe as [21]
dV
dt
= l2p(Nsur −Nbulk) = l2p∆N. (4)
More generally one should expect dV/dt to be a function of ∆N , which vanishes as ∆N → 0.
Then the Eq. (4) can be interpreted as the Taylor series expansion of the original function
truncated at first order [21] (For further investigations on this line of thought refer [43, 44]).
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Sheykhi extended this principle to non-flat universe and advocated a more general expansion
law given by
dV
dt
= l2p
rA
H−1
(Nsur −Nbulk). (5)
The proposed law (5) reduces to Eq.(4) in flat space and was able to reproduce the Friedmann
equations with any spatial curvature. Although the expansion law (5) is formulated for a
universe with any spatial curvature, the volume used for a non-flat universe was areal volume
which resembles the volume of a sphere in Euclidean space. Furthermore, it should be noted
that the areal volume can only account for the volume of space inside the apparent horizon
when k = 0. In general, the proper invariant volume within the apparent horizon is given
as
Vk = 4πa
3
∫ rA
a
0
dr
r2√
1− kr2 . (6)
Eune and Kim revised the expansion law (4) with a proportionality function by employ-
ing the invariant volume and derived the Friedmann equations [34]. The corresponding
expansion law is given by
dVk
dt
= l2pfk(t)
(
Nsur − ǫNbulk
)
, (7)
where function fk(t) is defined to be
fk(t) =
V¯k[r˙AH
−1/rA + (rA/H
−1)(H−1/rA − Vk/V¯k)]
Vk(r˙AH−1/rA + Vk/V¯k − 1)
, (8)
where V¯k =
4pir3
A
3
is the areal volume. To maintain the original form of Eq.(4), the propor-
tional function along with the Planck length in Eq.(7) was interpreted as l2pfk(t) = (l
2
p)
eff,
where (l2p)
eff is the effective Planck length [34]. But, altering the fundamental constant does
not seem reasonable and has attracted much criticism for it [45]
Now, let us try to reformulate the expansion law with invariant volume by preserving
the fundamental nature of Planck’s constant. Looking at the time derivative of invariant
volume, which can be simplified to give
dVk
dt
= 3HVk − Ar2A
a¨
a
, (9)
where A = 4πr2A. Using the second Friedmann equation in Einstein gravity given by
a¨
a
=
−4π
3
(ρ+ 3P )l2p, (10)
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one can express the difference in the number of degrees of freedom as
∆N =
A
l2p
− 3Vk
l2p
a¨
a
. (11)
With suitable rearrangements, the rate of change of invariant volume can be expressed as
dVk
dt
=
V¯k
Vk
(
l2p∆N
)
+ 3VkH −
AV¯k
Vk
. (12)
This shows that the direct proportionality between ∆V
∆t
and ∆N as envisioned in the original
expansion law has been broken, when one employs the proper invariant volume instead of
areal volume. A similar conclusion was made by the authors of [45] that the rate of change of
invariant volume is not proportional to ∆N unless one defines a complicated time-dependent
Planck length. Thus the use of invariant volume to formulate the expansion law in non-flat
universe does not preserve the basic idea presented in Padmanabhan’s conjecture. As noted
earlier the first law of thermodynamics can be considered as the backbone of the expansion
law. So the failure in formulating the expansion law using invariant volume suggests that
the problem is much deeper, such that even the first law of thermodynamics may face similar
problems when formulated using invariant volume.
III. FEASIBILITY OF FIRST LAW OF THERMODYNAMICS IN NON-FLAT
UNIVERSE
The authors of [2] have shown that the differential form of the Friedmann equation can
be rewritten as a thermodynamic relation,
TdS = dE −WdV, (13)
often designated as the unified first law of thermodynamics. Here E is the total energy
of matter inside the apparent horizon (E = ρV ), S is the entropy, V is the volume of
space inside the apparent horizon, W is the work density (W = (ρ − p)/2), and T is the
temperature associated with the apparent horizon determined by the surface gravity at the
horizon. However, Eq.(13) was formulated using areal volume; therefore, one should check
the status of the first law in the non-flat universe when one uses invariant volume.
Following Bakenstein’s proposal, the entropy and the temperature of the horizon can be
defined as
T =
−1
2πrA
(1− r˙A
2HrA
), S =
A
4l2p
(14)
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which gives TdS as
TdS =
−drA
l2p
(
1− r˙A
2HrA
)
. (15)
This TdS term serves as the L.H.S of Eq.(13) and is independent of the choice of volume. But
the R.H.S of Eq.(13) depends explicitly on the choice of volume. Considering the invariant
volume, its infinitesimal change as time progress is given by [34],
dVk = (3VkH − 4πr2A)dt+
4πrAr˙A
H
drA. (16)
Plugging in relation (16) into Eq.(13) leads us to the relation,
dE −WdVk = Vkdρ
+
3
2
(ρ+ p)Hdt
(
(Vk −
4πr2A
3H
+
4πrAr˙A
3H2
)
. (17)
From the continuity equation, we can use
dρ = −3H(ρ+ p)dt, (18)
to simplify the relation (17) and yield
dE −WdVk =
(
Vk +
4πr2A
3H
− 4πrAr˙A
3H2
)
dρ
2
. (19)
Using the differential form of the first Friedmann equations given by
drA = −
4πGr3A
3
dρ, (20)
we can reduce Eq.(19) to
dE −WdVk = −
drA
l2p
(
Vk
2V¯k
− 1
2HrA
)
+
TdS
HrA
. (21)
According to this equation, dE − WdVk, the R.H.S. of the unified first law as given by
Eq.(13) will not precisely reduce to TdS, instead there appears an extra term proportional
to
(
Vk
2V¯k
− 1
2HrA
)
which negate the conventional form of the first law. But, for flat universe,
where Vk = V¯k and H = r
−1
A , the additional term vanishes and dE −WdVk will reduce to
TdS and thus guarantees the perfect validity of the first law. Thus the unified first law of
thermodynamics with invariant volume can only be legitimate for a flat universe.
One may suspect that by treating the Planck length as a function of cosmic time as done
in Ref.[34], it may be possible to safeguard the first law of thermodynamics. By using such
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a time dependent Planck length (as defined using Eq.(10) in Ref.[34]) in Eq.(14), the TdS
term will be modified as
TdS =
−1
2l2p
(
1− r˙A
2HrA
)(
2fkdrA − rAdfk
f 2k
)
. (22)
Proceeding as previously the RHS of the first law takes the form
dE −WdVk =
TdS
HrA
−
(
1− r˙A
2HrA
)
dfk
l2pf
2
kH
− 1
2l2p
(
Vk
2V¯k
− 1
2HrA
)(
2fkdrA + rAdfk
f 2k
)
(23)
According to this equation, the RHS of the first law here also does not reduces to TdS, but
there appears two additional terms. Similar to that of Eq.(21), one term is proportional
to
(
Vk
2V¯k
− 1
2HrA
)
, and in addition to that a second term proportional to dfk/l
2
pH is also
present. For a flat universe, the additional terms will vanish since f(t)k=0 = 1 and dfk=0 = 0,
and the RHS of Eq.(23) will reduces to TdS.Thus, even though the time depended Planck
length as proposed in [34] may safeguard the expansion law with invariant volume to some
extent, our results shows that it cannot safeguard the first law of thermodynamics. Thus, it
is impossible to formulate the unified first law of thermodynamics with the use of invariant
volume in non-flat universe.
IV. FIRST LAW OF THE FORM −dE = TdS AT THE APPARENT HORIZON
SURFACE
Now we can turn our attention to another form of first law of thermodynamics proposed
by the authors of [46] and examine how the choice of volume will effect the formulation of
first law. The heat flow δQ through the apparent horizon in an infinitesimal interval of time
dt, is related to the change in the energy −dEˇ inside the apparent horizon by the relation
δQ = −dEˇ. It is important to point out that the energy change dEˇ considered here is quite
different from the energy change dE mentioned in the unified first law (dE = TdS−WdV ).
Here, dEˇ is the heat flux δQ crossing the apparent horizon within an infinitesimal interval
of time dt [46] and is given as
dEˇ = −A(ρ+ p)rAHdt. (24)
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In calculating the energy flux, the size of the apparent horizon is assumed to be fixed.
Similarly, the apparent horizon is assumed to have a temperature Tˇ and entropy S given by
[46]
Tˇ =
1
2πrA
, S =
A
4l2p
. (25)
Therefore, from the energy-entropy relation, the first law of thermodynamics can be written
as
− dEˇ = Tˇ dS. (26)
Considering this first law of thermodynamics as the backbone of the expansion law, the
authors of [35] have derived the modified expansion law due to Sheykhi in (3+1) Einstein
gravity. Here, we extend that approach to derive the expansion law in (n+1) Einstein
gravity and further extend it to Gauss-Bonnet and more general Lovelock gravity. In (n+1)
dimensional Einstein gravity, the modified expansion law is given as [33]
α
dV
dt
= ln−1p
rA
H−1
(
Nsur −Nbulk
)
, (27)
where α = n−1
2(n−2)
and V = Ωnr
n
A is the areal volume of n-sphere. For (n+1) dimensional
Einstein gravity, the Nsur and Nbulk are defined as
Nsur = α
A
l2p
, Nbulk = −4πΩnrn+1A
(
(n− 2)ρ+ np
)
n− 2 , (28)
where, A = nΩnr
n−1
A is the surface area spanned by the horizon. With the help of Eq.(24), the
first law of thermodynamics for (n+1) Einstein gravity can be represented mathematically
as
1
ln−1p
drA
dt
=
8πr3A(ρ+ p)H
n− 1 . (29)
Utilising the n-dimensional Friedmann equation given by
H2 +
k
a2
=
16πln−1p
n(n− 1)ρ (30)
and Eq.(2), the relation (29) can be modified to give,
1
ln−1p
drA
dt
= rAH
(
1
ln−1p
+
8πr2A(ρ+ p)
n− 1 −
16πr2Aρ
n(n− 1)
)
. (31)
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Multiplying both sides of the above equation with nΩnr
n−1
A and with some suitable rear-
rangements we get
n− 1
2(n− 2)
dV
dt
= ln−1p
rA
H
(
n− 1
2(n− 2)
nΩnr
n−1
A
ln−1p
+ 4πΩnr
n+1
A
(
(n− 2)ρ+ np
)
n− 2
)
. (32)
Employing the relations in (28), one can express Eq.(32) as
α
dV
dt
= ln−1p
rA
H−1
(
Nsur −Nbulk
)
(33)
Which is nothing but the expansion law for (n+1) Einstein gravity.
Gauss-Bonnet gravity is a special higher-order gravity theory obtained by the modification
of Einstein-Hilbert action by including the Gauss-Bonnet term given as [2]
RGB = R
2 − 4RνµRνµ + 4RνµρσRνµρσ. (34)
The additional term presented here is a topological term and have only relevance in (4+1)
dimensions or higher. It is a well known fact that the entropy relation (14) assumed in
Einstein gravity does not hold in higher-order gravity theories. Hence to account for the
entropy associated with apparent horizon, one can assume the entropy relation for black
hole horizon also holds for the apparent horizon of FRW universe and define the entropy in
Gauss-Bonnet gravity as [2]
S =
A
4ln−1p
(
1 +
n− 1
n− 3
2αˇ
r2A
)
, (35)
where αˇ = (n − 2)(n − 3)α is known as the Gauss-Bonnet coefficient. From Eq.(35), the
effective area corresponding to the holographic surface can be defined as [33]
Aˇ = A
(
1 +
n− 1
n− 3
2αˇ
r2A
)
, (36)
Now, we move on to deduce the expansion law from the first law of thermodynamics. Em-
ploying the entropy relation (35) and from Eq.(24), the first law of thermodynamics in
Gauss-Bonnet gravity can be presented as
1
ln−1p
(
1 + 2αˇr−2A
)drA
dt
=
8πr3A(ρ+ p)H
n− 1 . (37)
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Using the Friedmann equation in Gauss-Bonnet gravity given by [46]
H2 +
k
a2
+ αˇ
(
H2 +
k
a2
)2
=
16πln−1p
n(n− 1)ρ, (38)
and the relation (2), one can rewrite Eq.(37) as
1
ln−1p
(
1 + 2αˇr−2A
)drA
dt
=
rAH
(
1
ln−1p
(
1 + 2αˇr−2A
)
+
8πr2A(ρ+ p)
n− 1 −
16πln−1p
n(n− 1)ρ
)
(39)
Multiplying both sides with nΩnr
n−1
A and with some suitable rearrangements Eq.(39) reduces
to
αnΩnr
n−1
A (1 + 2αˇr
−2
A )
ln−1p
drA
dt
=
ln−1p
rA
H−1
(
α
nΩnr
n−1
A (1 + 2αˇr
−2
A )
ln−1p
+
4πΩnr
n+1
A
((n− 2)ρ+ np)
n− 2
)
(40)
Let us define Nsur for Gauss-Bonnet gravity as
Nsur = α
nΩnr
n−1
A (1 + 2αˇr
−2
A )
ln−1p
, (41)
which is identical to the relation for Nsur defined in Ref. [33]. Similarly, from the relation
(36) we can define the effective increase in volume in Gauss-Bonnet gravity as[33]
dˇV
dt
=
rA
n− 1
dAˇ
dt
= nΩnr
n−1
A (1 + 2αˇr
−2
A ). (42)
Hence Eq.(40) can be conveniently represented as
α
dVˇ
dt
= ln−1p
rA
H−1
(
Nsur −Nbulk
)
, (43)
which is the expansion law proposed in [33] to derive the Friedmann equations in Gauss-
Bonnet gravity.
Now we consider the more general Lovelock gravity theory, which is the generalisation
of Einstein gravity when space-time assumes a dimension greater than four. Assuming the
entropy relation for black-holes in Lovelock gravity holds for the apparent horizon of the
FRW universe, the entropy associated with the apparent horizon can be defined as [46]
S =
A
ln−1p
Σmi=1
i(n− 1)
n− 2i+ 1 cˆir
2−2i
A . (44)
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where m = n/2 and the coefficients are given as
cˆ0 =
c0
n(n− 1) , cˆ1 = 1,
cˆi = ciΠ
2m
j=3(n+ 1− j), for i > 1.
(45)
By defining the effective area like in the previous case, the rate of change of effective volume
in Lovelock gravity can be found as [33]
dˇV
dt
=
rA
n− 1
dAˇ
dt
= nΩnr
n+1
A Σ
m
i=1
(
icˆir
−2i
A
)
. (46)
Moving onto our plan, the first law of thermodynamics in Lovelock gravity can be expressed
with the help of Eq.(24) and Eq.(44) as
1
ln−1p
drA
dt
Σmi=1
(
icˆir
2−2i
A
)
=
8πr3A(ρ+ p)H
n− 1 . (47)
Using the Eq.(2) and the Friedmann equation in Lovelock gravity given by [46]
Σmi=1cˆi
(
H2 +
k
a2
)i
=
16πln−1p
n(n− 1)ρ, (48)
one can rewrite Eq.(48) as
1
ln−1p
drA
dt
Σmi=1
(
icˆir
2−2i
A
)
= rAH
(
Σmi=1
(
cˆir
2−2i
A
)
ln−1p
+
8πr3A(ρ+ p)H
n− 1 −
16πln−1p
n(n− 1)ρ
)
. (49)
Multiplying both sides with nΩnr
n+1
A and with some suitable rearrangements Eq.(49) can
be presented as
α
nΩnr
n+1
A
ln−1p
drA
dt
Σmi=1
(
icˆir
2−2i
A
)
=
1
ln−1p
rA
H−1
(
nαΩnr
n−1
A
Σmi=1
(
cˆir
−2i
A
)
ln−1p
+ 4πΩnr
n+1
A
((n− 2)ρ+ np)
n− 2
)
(50)
Let us define Nsur for Lovelock gravity as
Nsur =
1
ln−1p
rA
H−1
(
nαΩnr
n−1
A
Σmi=1
(
cˆir
−2i
A
)
ln−1p
)
, (51)
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which is identical to the relation for Nsur in Lovelock gravity as proposed in Ref. [33]. Thus
with the use of relation (46) one can conveniently write Eq.(51) as
α
dVˇ
dt
= ln−1p
rA
H−1
(
Nsur −Nbulk
)
, (52)
which is the expansion law proposed in [33] for the Lovelock gravity. Thus the above
presented results strengthen the thermodynamic backbone of the expansion law formulated
with areal volume.
In all the above derivations, we have considered the areal volume of the horizon for
the non-flat universe to derive the expansion law following the method of Sheykhi. One
can now think about the possibility of deriving an expansion from the first law of the form
−dE = TdS using the invariant volume of the horizon instead of the areal volume. However,
before that, the deeper question addressed here is the status of first law itself when one uses
the invariant volume. In this context, it is important to have a closer look at the energy
transfer across the apparent horizon within an infinitesimal interval of time dt. Let V be
the volume of the space inside the apparent horizon, and dρ is the change in energy density
in an infinitesimal interval of time dt, then corresponding total change in energy inside the
volume is
dEˇv = V dρ (53)
In calculating the energy change within the volume, the size of the apparent horizon is as-
sumed to be fixed. Using the continuity equation the change in energy within an infinitesimal
interval of time dt inside the apparent horizon can be defined as,
dEˇv = −3V (ρ+ p)Hdt. (54)
If V is the areal volume of the horizon, then dEˇv will be identical with dEˇ, the energy flux
crossing the apparent horizon in an infinitesimal interval of time. On the other hand, if V is
the invariant volume of the horizon, then dEˇv will be intrinsically different from dEˇ. Thus,
the energy flux across the surface dEˇ and the energy change dEˇv within the volume enclosed
by the surface are equivalent only when one uses areal volume for the horizon.
In Ref. [2], it was argued that the unified first law (dE = TdS +WdV ) and the first law
of the form dE = −TdS are consistent with each other even though the temperature and
the definition of energy are different in each case. However, they agree with each other only
if we use the areal volume. The unified first law dE = TdS +WdV cannot be formulated
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properly with invariant volume and the description of the first law of the form dE = −TdS
with the use of invariant volume cannot account for the energy transfer across the surface
correctly. Hence, a consistent description of the first law of thermodynamics demands the
use of areal volume.
V. SUMMARY AND DISCUSSION
In this paper, we addressed the problems faced by choice of invariant volume to formulate
an expansion law in the non-flat universe. The authors of [34] have formulated an expansion
law with invariant volume for the non-flat universe, but they had to redefine the Planck
length as a function of cosmic time to derive the correct Friedmann equations. Altering
a fundamental constant is itself questionable, and moreover, the altered Planck length was
divergent for radiation and the matter-dominated era of a non-flat open universe. Otherwise,
this implies that, as we have shown, the emergence of cosmic space will not be proportional
to the difference in degrees of freedom (Nsur − Nbulk) as envisaged by Padmanabhan. Our
previous results in [1] have shown that the first law of thermodynamics is the backbone of
the expansion law. Thus the problems faced by the expansion law when one uses invariant
volume suggests that the problem is further deeper, and one should suspect the feasibility of
the first law itself while using invariant volume. Our investigation shows that it is impossible
to formulate the unified first law of thermodynamics (dE = TdS +WdV ) with the use of
invariant volume for a non-flat universe. Moreover, even with the time-dependent Planck
length, one cannot safeguard the unified first law of thermodynamics.
We then analyzed another well-known form of the first law of thermodynamics (−dEˇ =
Tˇ dS) proposed by the authors of [46] to see how the choice of volume will affect the feasibility
of first law. Expansion law from the first law of the form −dEˇ = Tˇ dS has been obtained
for the non-flat universe with areal volume by the authors of [35]. We have extended this
result to (n+1) Einstein, Gauss-Bonnet and more general Lovelock gravity with the areal
volume. This confirms the deep connection between the law of emergence and the first law
of thermodynamics in the form −dEˇ = Tˇ dS. Hence, the difficulties faced in formulating
the expansion law must be reflected in the formulation of first law (,−dEˇ = Tˇ dS) using
proper invariant volume, even though this first law does not explicitly seem to depend upon
the volume term. Our analysis shows that the energy flux crossing the apparent horizon is
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equal to the change in energy within the volume bounded by the horizon, only if one uses
the areal volume. We have further shown that the claimed consistency between the unified
first law of the form dE = TdS +WdV and −dEˇ = Tˇ dS in Ref. [2] will hold only with the
use of areal volume. Thus the feasibility of the first law of thermodynamics in a non-flat
universe necessitates the use of areal volume. On the other hand, it may also be indicating
that the universe may be flat as advocated by the current observations.
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